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QUATERNIONIC KÄHLER MANIFOLDS OF
COHOMOGENEITY ONE
ANDREW DANCER AND ANDREW SWANN
Abstrat. Classiation results are given for (i) ompat quater-
nioni Kähler manifolds with a ohomogeneity-one ation of a semi-
simple group, (ii) ertain omplete hyperKähler manifolds with a
ohomogeneity-two ation of a semi-simple group preserving eah
omplex struture, (iii) ompat 3-Sasakian manifolds whih are
ohomogeneity one with respet to a group of 3-Sasakian symme-
tries. Information is also obtained about non-ompat quaternioni
Kähler manifolds of ohomogeneity one and the ohomogeneity of
adjoint orbits in omplex semi-simple Lie algebras.
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2 ANDREW DANCER AND ANDREW SWANN
1. Introdution
A Riemannian manifold (M, g) is said to be of ohomogeneity one
with respet to a group G if G ats isometrially with generi orbit of
real odimension one. There has been onsiderable interest in studying
Einstein manifolds of this type, beause the Einstein ondition then
redues to a set of ordinary dierential equations.
Our aim is to investigate quaternioni Kähler manifolds whih are of
ohomogeneity one. Reall that a manifold of dimension 4n is quater-
nioni Kähler if the holonomy redues to a subgroup of Sp(n) Sp(1) (see
[6℄, for example). Suh manifolds are always Einstein. Eah quater-
nioni Kähler manifoldM has assoiated to it a twistor spae Z: a om-
plex ontat manifold of omplex dimension 2n + 1 mapping onto M
with bers rational urves of normal bundle 2nO(1).
Quaternioni isometries of M give rise to holomorphi symmetries
of Z preserving the omplex ontat struture. IfM has ohomogeneity
one, then, in many ases, moment map tehniques show that Z is
related to a oadjoint orbit in a omplex Lie algebra. We are thus lead
to disuss the ation of a real group G on GC-orbits in the omplex
Lie algebra gC. When G is ompat, we prove a series of monotoniity
results that say that the ohomogeneity of suh orbits varies in a natural
way with respet to various partial orders on the orbits. This enables us
to narrow down the possibilities forM and Z, and in the ompat ase,
we are able to determine all examples (M, g,G) when G is semi-simple.
In the ompat ase, partial results were obtained by Alekseevsky
& Podestà [3℄. Most of our tehniques are dierent, though we do use
one of their arguments. In our paper, the geometry of nilpotent orbits
plays a notable rle and results of Brylinski & Kostant [14℄ on shared
orbits and of Beauville [5℄ on Fano ontat manifolds are applied.
It turns out that the ompat quaternioni Kähler manifolds that
we obtain are all symmetri spaes. Kollross [23℄ has reently lassied
ohomogeneity-one ations of redutive groups on ompat symmetri
spaes and our results are onsistent with his. However, one dier-
ene to note is that he onsiders two suh ations to be equivalent if
they have the same orbits. Thus in some ases he gives a spae with
an ation of a redutive group, where we obtain the same spae with
a semi-simple symmetry group. One of the main open questions in
quaternioni Kähler geometry is whether there exist any ompat non-
symmetri examples with positive salar urvature. Our work shows
that there are no suh examples of ohomogeneity one with respet to
a semi-simple group.
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Our tehniques, using moment maps and ohomogeneities of adjoint
orbits, also enable us to takle lassiation problems for two other
types of geometri struture: hyperKähler and 3-Sasakian. In [7℄,
Bielawski showed how a ertain lass of omplete hyperKähler man-
ifolds always arises as oadjoint orbits. We analyse this situation in
more detail to lassify those of ohomogeneity two.
There has been muh reent interest in 3-Sasakian manifolds beause
they provide new examples of ompat Einstein manifolds with positive
salar urvature. As shown in [11℄, there is a lose relationship between
3-Sasakian manifolds, hyperKähler strutures and quaternioni Kähler
orbifolds. Using knowledge of ohomogeneities of adjoint orbits and
extending the results of Beauville [5℄, we are able to lassify 3-Sasakian
manifolds whose group of 3-Sasakian symmetries ats with ohomo-
geneity one.
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2. Hypotheses
Let M be a quaternioni Kähler manifold of dimension 4n, with
twistor spae π : Z → M , see [6℄. Suppose that G is a ompat semi-
simple Lie group that ats quaternionially on M with ohomogeneity
one. Without loss of generality we may also assume that G is on-
neted. Write g for the Lie algebra of G and gC for the omplexi-
ation of g. Let M0 be the union of prinipal orbits in M . General
information about G-manifolds may be found in [12℄.
3. The Ation on the Twistor Spae
The G-ation lifts to a group of holomorphi ontat transformations
on Z. We then have a map of sheaves
α : O ⊗ gC −→ TZ
given by mapping elements of gC to the orresponding vetor elds
on Z (f. [21℄).
Lemma 3.1. At eah point z of Z, the image of α has real dimension
either 4n or 4n+ 2.
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Proof. As the ation of G is of ohomogeneity one on M , the lifted
ation has ohomogeneity at most three. Thus the real dimension of
the image of α is at least 4n− 1. However, the image of α is omplex,
so the real dimension is even, and thus either 4n or 4n+ 2.
Lemma 3.2. Let U0 be the set of points z ∈ Z where the dimension of
the image of α is 4n+ 2. Then U0 is open and either empty or dense.
Proof. Taking exterior powers, we get a bundle map
Λ2n+1α : O ⊗ Λ2n+1gC → K−1Z ,
where KZ = Λ
2n+1T ∗Z is the anonial bundle. The set U0 is just the
omplement of the zero set of the analyti map Λ2n+1α. Thus either
U0 is empty or U0 is open and dense.
We thus have two possibilities: either U0 is empty or it is not. Con-
sider the omplexied group GC. This need not at on Z for reasons
of ompleteness, but it does at in the sense of groupoids. The ase
U0 6= ∅ orresponds exatly to the existene of an open orbit for this
ation of GC on Z. The treatment of this ase will start in 5.
4. Twistor Spaes with No Open Orbits
Let us onsider the ase when the twistor spae has no open GC-
orbits. This is, in fat, the simplest ase. Let M̂ be the universal
over of the union of prinipal orbits in M . We rst show that M̂
admits a hyperomplex struture. This struture an taken to be G-
invariant and the aim is then to show that M̂ bres over a homogeneous
quaternioni manifold. The assumption that G is ompat implies
that the quotient is a Wolf spae and the struture on M an then be
analysed metrially. We are then able to show that the only ompat
example is given by the ation of Sp(n) on HP(n).
Proposition 4.1. If U0 is empty, then M is loally hyperomplex and
eah point of M̂ admits a G˜-invariant neighbourhood with a G˜-invariant
hyperomplex struture, where G˜ is the universal over of G.
Proof. The omplex rank of α is 2n. The denition of α implies that
its image is integrable in the sense of Frobenius, so we have a foliation
of Z0 by leaves of omplex dimension 2n tangent to the image of α.
If we ompose α with projetion to the horizontal distribution on Z0,
then we get a map αH, whose real rank is at least 4n− 1 as the ation
on M has ohomogeneity one. However, the image of αH is omplex,
so αH is a surjetion, and the leaves of the foliation are transverse to
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twistor lines. This means that loally we have a holomorphi projetion
Z0 → CP(1) and M is loally hyperomplex.
The map α isG-equivariant, so the foliation determined by the image
of α is invariant under the innitesimal ation of G. However, we have
assumed that G is onneted, so G preserves the foliation and the loal
hyperomplex struture.
Now onsider M̂ . Topologially, M̂ is a produt I × G˜/H for some
interval I. As G˜ is onneted and M̂ is simply-onneted, the exat
homotopy sequene for a bration implies that H is also onneted.
Fix t0 in I. There is a neighbourhood V of x = t0 ×H in M̂ on whih
M̂ has a hyperomplex struture I, J,K. Consider the G˜-orbit of I.
This meets the twistor line Ẑx in a set whih has empty interior and is
an H-orbit. As H is onneted, this orbit is a single point. Thus we
have a G˜-invariant hyperomplex struture on J× G˜/H , where J ⊂ I
is an open interval ontaining t0.
We say a quaternioni manifold has a ompatible hyperomplex
struture, if there exist global integrable setions I, J and K of G
satisfying the quaternion identities.
Proposition 4.2. Suppose M is a quaternioni Kähler manifold of
positive salar urvature. If M has a ompatible hyperomplex stru-
ture I, J,K, then M admits an innitesimal ation of Sp(1)× R with
the following properties:
(i) Sp(1) ats isometrially;
(ii) If V is the vetor eld generating the ation of R, then the ation
of Sp(1) is generated by IV , JV and KV ;
(iii) V preserves I, J and K;
(iv) LIV I = 0 and LIV J = K, and these formulæ remain valid for any
yli permutation of I, J,K.
Proof. The onstrution follows [36, 5℄. Let ∇ be the Levi-Civita
onnetion and let∇′ be the Obata onnetion. The twistor operatorD
is the omposition
H
∇′′
−−−→ H ⊗EH ∼= ES2H ⊕ E
p
−−−→ ES2H,
where ∇′′ is any quaternioni onnetion and p is projetion. The
operator D is independent of ∇′′. The hyperomplex struture denes
a setion h of H suh that ∇′h = 0. In partiular, Dh = 0. Thus
∇h lies in the module E. Let e = ∇h. By [36, Lemma 5.7℄, ∇e = λh,
for some onstant λ (a positive onstant times the salar urvature
of M).
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Let V = eh˜ − e˜h, where e˜ = je and h˜ = jh. Then IV = eh + e˜h˜,
JV = i(eh˜+e˜h) and KV = i(eh−e˜h˜). We laim that V is quaternioni
and IV , JV and KV are Killing. Note that
T ∗M ⊗ T ∗M ∼= S2T ∗M + Λ2T ∗M
∼= (R+ Λ20E + S
2ES2H)
+ (S2E + S2H + Λ20ES
2H).
Killing vetor elds are haraterised by having ovariant derivative
in Λ2T ∗M and quaternioni vetor elds are those with ovariant de-
rivative in
gl(n,H) + sp(1) ∼= R+ Λ20E + S
2E + S2H.
Now
∇V = λh ∧ h˜+ e ∧ e˜ (4.1)
whih lies in R + Λ20E ⊂ gl(n,H) so V is not only quaternioni but it
also preserves the hyperomplex struture. Similarly omputation of
the ovariant derivatives of IV , JV and KV shows that these three
vetor elds are Killing,
[IV, JV ] = 2(‖e‖2 + λ ‖h‖2)KV
and
LIV J = 2(‖e‖
2 + λ ‖h‖2)K.
Here ‖e‖2 = e∧ e˜ and ‖h‖2 = h∧ h˜, whih are identied with funtions
via the sympleti forms on E andH . Now∇(h∧h˜) = 0 and∇(e∧e˜) =
0, so ‖e‖2 + λ ‖h‖2 is a onstant. Thus dividing V by the onstant
2(‖e‖2 + λ ‖h‖2) yields a vetor eld with the required properties.
Remark 4.3. If the salar urvature of M is negative then the above
proof goes through unhanged provided λ ‖h‖2 6= −‖e‖2. If λ ‖h‖2 =
−‖e‖2 then we still get V but now IV , JV and KV ommute. We
suspet this ase does not arise.
If M is of ohomogeneity one with an invariant hyperomplex stru-
ture, then we may hoose the setion h to be G-invariant. This leads
to:
Proposition 4.4. If U0 is empty and M has positive salar urvature,
then M̂ is the assoiated bundle of a ompat Wolf spae.
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Proof. From the previous proof we have that ∇V lies in S2T ∗M̂ . As M̂
is simply onneted, this implies that the vetor eld V is a gradient,
say V = grad ρ. Now h is G˜-invariant, so its ovariant derivative e is
also and hene the G˜-ation ommutes with the (innitesimal) ation
of Sp(1)× R on M̂ .
We laim that the funtion ρ is Sp(1)-invariant. As IV ommutes
with V , we have d((IV )ρ) = LIV V
♭ = 0 and hene (IV )ρ is onstant.
Similarly, (JV )ρ and (KV )ρ are onstant. This implies [JV,KV ]ρ =
(JV )((KV )ρ) − (KV )((JV )ρ) = 0. However, [JV,KV ] is a non-
zero onstant times IV , hene ρ is Sp(1)-invariant. Similarly, ρ is
G˜-invariant, as G˜ is semi-simple and so eah element of its Lie algebra
is a sum of ommutators.
As the ation of G˜ on M̂ is ohomogeneity one, eah omponent of
a generi level set of ρ will be an orbit of G˜ and hene ompat. The
innitesimal ation of Sp(1) therefore integrates to a genuine group
ation, and the quotient of a omponent of a generi level set by Sp(1)
will be G˜-homogeneous and hene smooth.
The proof of [36, Theorem 5.1℄ may now be modied to show that
suh a quotient is a quaternioni Kähler manifoldN . (The two hanges
required are to replae µ by ρ and to note that the ovariant derivative
of ωI is now a linear ombination of ωJ and ωK .)
By [1, 2℄, N is a Wolf spae. By [32℄ the topology of M̂ is that
of U(N).
Theorem 4.5. If U0 is empty (i.e., Z has no open G
C
-orbit) and
M has positive salar urvature, then the metri on M̂ is a member of
the one-parameter family of quaternioni Kähler metris given in [36,
Theorem 3.5℄ on the assoiated bundle of a ompat Wolf spae.
Proof. The prinipal orbit of U(N) is G/H , where N = G/H Sp(1) is
the Wolf spae. The Lie algebra g of G splits under the ation of Ad(H)
as
g = h⊕ p0 ⊕ p1,
where p0 is a trivial module and p1 is a sum of non-trivial Ad(H)-
modules. As N is a Wolf spae, p0 is three-dimensional and isomorphi
to sp(1), and p1 is isomorphi to the tangent spae of N .
We may identify M̂ = U(N) with (t0, t1)×G/H for some subinterval
(t0, t1) of R, in suh a way that the metri is written as g = dt2 + gt,
where gt is a homogeneous metri on G/H for eah t. By Shur's
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Lemma, p0 and p1 are orthogonal for gt and the hyperHermitian stru-
ture preserves the splitting
T U(N) =
(〈
∂
∂t
〉
⊕ p0
)
⊕ p1,
Thus, p1 is the orthogonal omplement to the quaternioni span of V .
Equation (4.1) shows that on p1, the vetor eld V ats onformally.
Moreover, Sp(1) ats isometrially and p1 is irreduible as a represen-
tation of H×Sp(1). Thus the restrition of gt to p1 is a multiple of the
metri on TN , whih is itself a onstant times 〈·, ·〉p1, the restrition
to p1 of minus the Killing form on g. Let f(t) be the funtion suh
that gt|p1 = f(t)
2 〈·, ·〉p1.
The restrition of g to
〈
∂
∂t
〉
+p0 denes a Bianhi IX hyperHermitian
metri, so as in [21℄ we an diagonalise this part of the metri for
all t. More onretely, we an nd a basis {X1, X2, X3} for p0 ∼= sp(1)
satisfying [X1, X2] = 2X3 et., suh that g(Xa, Xb) = δabh
2
a for a, b =
1, 2, 3, where ha are funtions of t. Note that by Proposition 4.4, the
hyperHermitian struture on M̂ indues the quaternioni struture on
the Wolf spae, and in partiular, the omplex strutures at via adXa
on p1.
Writing J1, J2, J3 for I, J,K, we may argue as in [18℄ and derive the
formula
Ja|p1 =
ha
2ff ′
adXa for a = 1, 2, 3.
The only hange needed in the proof, is the ontribution to∇Yi(Ja∂/∂t)
from terms (∇Ja)∂/∂t. But as M̂ is quaternioni Kähler, eah of these
terms lies in p0 and so does not ontribute to Ja on p1.
As J2a = −1, we see that the funtions h
2
a are all equal. This means
that the metri on M̂ = U(N) is of the form onsidered in [36, 3℄.
Lemma 3.4 in [36℄, implies that g is of the form in [36, Theorem 3.5℄.
Theorem 4.6. Suppose M is a ompat quaternioni Kähler mani-
fold of positive salar urvature with a ohomogeneity-one ation of a
ompat semi-simple group G. If GC has no open orbit on the twistor
spae of M , then M = HP(n) with its symmetri metri and G is the
subgroup Sp(n) of the full isometry group Sp(n + 1).
Proof. Without loss of generality we may assume that G is onneted.
As M is simply-onneted [34℄, the exat homotopy sequene implies
that the ompat one-dimensional manifold M/G is a losed interval.
Thus we have two speial orbits G/H1 and G/H2. If the prinipal
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orbit is G/H , then the fat that M is a smooth manifold implies that
Hi/H is a sphere for i = 1, 2.
The form of the metri in [36℄ implies that one of the speial orbits is
a point and the other is the underlying Wolf spae W . Thus G/H is a
sphere S4n−1 whih impliesG = Sp(n) andW = HP(n−1), givingM =
HP(n). However, HP(n) only admits one hyperKähler metri [34℄.
5. Moment Maps
We assume from now on that the groupoid ation of GC has an open
orbit U1 on the twistor spae Z, or equivalently that the set U0 of
Lemma 3.2 is non-empty. The idea is to use a moment map onstru-
tion to identify an open set of Z with an open set in a projetivised
adjoint orbit or in a bundle over suh an orbit. We then have to las-
sify whih adjoint orbits in gC admit G ations of low ohomogeneity,
before proeeding further.
The following onstrutions are essentially due to Lihnerowiz [29℄,
but our treatment follows the notation of [37, 38℄.
The twistor spae Z of a quaternioni Kähler manifold is a omplex
ontat manifold [34℄. This means that Z has a omplex line bundle L
and a holomorphi one-form θ ∈ Ω1(Z, L) suh that θ∧(dθ)n is nowhere
zero. The ation of GC preserves the omplex ontat struture. We
may dene a moment map f : Z → L⊗ (gC)∗ for the ation of GC by
f(z)(Y ) = θz(α(Y )),
for z ∈ Z and Y ∈ g. Choosing an Ad-invariant inner-produt on gC,
we identify gC with its dual equivariantly and regard f as a map Z →
L⊗ gC.
For z in U0 the vetors αz(Y ) span TzZ, so non-degeneray of θ
implies that the map f is non-vanishing at z. Projetivising, we get a
well-dened map Pf : U0 → P(gC). This map is GC-equivariant and so
the image Pf(U1) of the open orbit U1 lies in some GC-orbit PO.
The group C∗ ats on gC by saling: X 7→ λX , for X ∈ gC and
λ ∈ C∗. We let P : gC \ {0} → P(gC) denote the assoiated quotient
map. The adjoint ation of GC ommutes with the saling ation of C∗,
so the orbit PO is P(O) for some adjoint orbit O.
Lemma 5.1. Let O be an adjoint orbit in gC \ {0}. If O is nilpotent,
then O is invariant under the saling ation of C∗. If O is not nilpotent,
then the map O → P(O) is an unbranhed nite over.
Proof. Let X be an element of O. For λ ∈ C∗, the eigenvalues of
ad(λX) are λ times the eigenvalues of X . But if λX lies in O, the orbit
of X , then ad(λX) has the same eigenvalues as ad(X). Thus either
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all the eigenvalues of ad(X) are zero and X is nilpotent, or |λ| = 1.
In the rst ase, it is well-known that nilpotent orbits are invariant
under saling: hoose an sl(2,C)-triple 〈X, Y,H〉 ontaining X , then
the ation of exp(tH) on X gives the ray through X (see Carter [16℄ for
more details; reall that an sl(2,C)-triple satises [X, Y ] = H , [H,X ] =
2X and [H, Y ] = −2Y ). If X is not nilpotent, then as ad(X) only has
nitely many eigenvalues, there are only a nite number of possible λ
suh that λX ∈ O. Thus the map O → P(O) is nite-to-one. It is
unbranhed as it is GC-equivariant and the image is homogeneous.
As G is redutive, eah adjoint orbit O ⊂ gC arries a omplex
sympleti struture ωO. This form was dened by Kirillov, Kostant
and Souriau (see for example [22℄) and is given by
ωO([X,A], [X,B]) = 〈X, [A,B]〉,
where 〈·, ·〉 is an invariant inner produt. In partiular, the omplex
dimension of eah adjoint orbit O is even. The previous lemma shows
that the omplex dimension of P(O) is odd if O is nilpotent, and even
otherwise.
Lihnerowiz shows that Pf an behave in two possible ways. In the
proper ase, O is nilpotent, so P(O) is ontat. Moreover, Pf maps U1
to P(O) with disrete bre.
In the non-proper ase, O is non-nilpotent, and Pf(O) is of even
omplex dimension. Now Pf has bres of omplex dimension one with
a omplex Lie group struture. Moreover, the bres are transverse to
the omplex ontat distribution, so we have a vetor eld X on U suh
that θ(X) never vanishes. The bundle L is therefore holomorphially
trivial on U1.
We shall now obtain estimates on the ohomogeneity of the adjoint
orbit O.
Lemma 5.2. Suppose the salar urvature of (M, g) is positive. Then,
in the non-proper ase, U1 ontains no ompat omplex submanifolds.
Proof. If we are in the non-proper situation, L is trivial on U1. However,
if (M, g) has positive salar urvature, then L has a positive urvature
form. Hene U1 ontains no ompat omplex manifolds.
In partiular, the proper ase must our if U1 ontains a twistor
line.
Proposition 5.3. Suppose (M, g) has positive salar urvature and let
O ⊂ gC be an orbit suh that Pf(U1) ⊂ P(O).
If we are in the proper ase, then O is a nilpotent orbit and has
ohomogeneity at most 5 with respet to G. On the other hand, in the
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non-proper ase, O is not nilpotent and has ohomogeneity at most 2
with respet to G.
Proof. Let us rst onsider the proper ase. As explained above, the
map Pf : U1 7→ P(O) is equivariant with disrete bre. Moreover the
map P : O 7→ P(O) is equivariant with bre C∗. Therefore
cohomG(Z) = cohomG U1 = cohomG P(O) > cohomG(O)− 2
Now cohomG(M) = 1, so cohomG(Z) 6 3 and the above inequalities
show that cohomG(O) 6 5, as required.
For the non-proper ase, using Lemma 5.2 we see that the bres
of Pf : U1 → P(O) are non-ompat. We therefore have
cohomG(O) = cohomG(P(O))
6 cohomG(U1)− 1 = cohomG(Z)− 1 6 2.
Remark 5.4. The lassiation of these orbits is also relevant for the
lassiation of 3-Sasakian manifolds of ohomogeneity one and hyper-
Kähler manifolds of ohomogeneity two, see 8 and 9.
6. Cohomogeneity of Adjoint Orbits
In this setion we shall rst assume that G is a ompat simple Lie
group and give some proedures for alulating the ohomogeneity of
adjoint orbits in gC and related objets. We will use this to lassify the
orbits that arise from the disussion in the previous setion. Results
for semi-simple G will be given later in 6.4.
The adjoint orbits fall into three lasses: semi-simple, nilpotent and
mixed. We will disuss the ohomogeneity questions in eah of these
ases in turn. One feature all ases have in ommon is the existene
of monotoniity theorems for the ohomogeneity of topologially re-
lated orbits. In the nilpotent ase, there is one quaternioni Kähler
metri known related to eah orbit; we prove similar results for these
strutures.
In [18℄, the adjoint orbits of ohomogeneity one were lassied. These
were found to be the minimal nilpotent orbits and the semi-simple
orbit of diag(λ, . . . , λ,−nλ) in sl(n+1,C); this last orbit is SU(n+1)-
equivariantly dieomorphi to T ∗CP(n).
6.1. Semi-Simple Orbits. Let O be a semi-simple orbit. In this ase,
O is a ag manifold and we have G-equivariant dieomorphisms
O ∼= T (G/K) ∼= GC/KC,
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where K is the entraliser of some torus in G. We will write g ∼= k⊕m
with m a K-module.
First we note
Lemma 6.1. If G/K is any ompat homogeneous spae, then
cohomG T (G/K) = cohomK m
and the latter is bounded below by the number of irreduible summands
in m.
We will obtain bounds on the ohomogeneity of ag manifolds by
onsidering various brations. The following will be a useful observa-
tion.
Lemma 6.2. Suppose G/K → G/H is a bration of homogeneous G-
spaes, with G, K and H ompat and dimK < dimH. Then
cohomT (G/K) > cohomT (G/H).
Proof. We have g ∼= h⊕ n with k $ h. So m ∼= a⊕ n for some non-zero
representation a of K. As K is ompat, this gives
cohomK m > cohomK n > cohomH n,
sine eah K-orbit in n lies in an H-orbit. The result now follows from
Lemma 6.1.
Reall that a ag manifold T (G/K) is speied by a subset K of the
simple roots for g: the elements of K are the simple roots not in kC.
A Dynkin diagram is dened for G/K by taking the Dynkin diagram
for g and putting a ross through eah simple root α in K (see [4℄,
for example). We all |K| the length of G/K and note that there is a
bration T (G/K1) → T (G/K2) if and only if K1 ⊃ K2. The following
result is a simple onsequene of the previous Lemma.
Lemma 6.3 (Monotoniity for Semi-Simple Orbits). If K1 ⊃ K2, then
cohomT (G/K1) > cohomT (G/K2) + (|K1| − |K2|) .
In partiular, cohomT (G/K1) > |K1|.
This last estimate is extremely rude. The next result, whih is
partiularly relevant beause of our interest in ag manifolds of oho-
mogeneity two, serves to emphasise this.
Lemma 6.4. If T (G/K) is a ag manifold with |K| > 2, then
cohomT (G/K) > 3.
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Proof. Suppose α1 and α2 are simple roots in K. Let α denote the
top root form of g. Then α1, α2 and α do not pairwise dier by linear
ombinations of roots of kC. Therefore, by Kostant's riterion [9, p. 40℄,
α1, α2 and α lie in distint K-submodules of m (using the notation of
Lemma 6.1). In partiular, m has at least three summands and hene
cohomK m > 3, giving the result.
The above results now enable us to lassify semi-simple orbits of
ohomogeneity two.
Theorem 6.5. For a ompat simple group G, the semi-simple orbits
of ohomogeneity two are the tangent bundles of the following homoge-
neous spaes:
Sp(n+ 1)
U(1) Sp(n)
,
SU(n+ 2)
S(U(n)× U(2))
SO(n + 2)
SO(n)× SO(2)
,
SO(10)
U(5)
and
E6
Spin(10) SO(2)
.
Proof. If T (G/K) is a ag manifold, Burstall & Rawnsley [15℄ show
that there is a bration G/K → G/H with G/H an inner symmetri
spae. We an take H to be onneted. By Lemma 6.4, T (G/K) is a
ag manifold of length one in our ase. So Lemma 6.2 implies we have
two ases to onsider, either the bration G/K → G/H is non-trivial
or G/K is Hermitian symmetri.
If the bration G/K → G/H is non-trivial, then T (G/H) must have
ohomogeneity one. This implies that G/H is rank one (see [6℄ or the
remarks in the last paragraph of the proof). Moreover, G/H annot
be Hermitian symmetri, otherwise the length of T (G/K) would be at
least two. It follows that G/H is one of
(i)
Sp(n+ 1)
Sp(1) Sp(n)
, (ii)
SO(2n+ 1)
SO(2n)
, (iii)
F4
Spin(9)
.
The rank one symmetri spae SO(2n)/ SO(2n− 1) does not our, as
it is not inner.
In ase (i), there are two ag manifolds of length one bering over
G/H , namely ×◦ · · · ◦ <==◦ and ◦×◦ · · · ◦ <==◦. For the rst of these
K = U(1) Sp(n) and mC ∼= (L + L)E + L2 + L
2
, where E ∼= C2n and
L ∼= C are the standard representations of Sp(n) and U(1) respetively.
In partiular, m ∼= Hn ⊕ R2, with Sp(n) ating transitively on the
unit sphere in Hn and U(1) ating non-trivially on R2. So this is of
ohomogeneity two and we have the rst ase on our list.
For ◦×◦ · · · ◦ <==◦, we have K = SU(2)U(1) Sp(n − 1) and mC ∼=
(L2+L
2
)S2H +(L+L)HE, with H ∼= C2 the standard representation
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of SU(2) and E and L essentially as before. The real module underlying
(L2+L
2
)S2H is R6 with a ohomogeneity two ation of SO(2)×SO(3).
Thus, m has ohomogeneity at least three under K and so is not on
our list.
For ase (ii), we take n > 2 to avoid overlapping with ase (i). Then
the only ag manifold of length one bering over this is ◦ · · · ◦ >==×,
whih has K = U(n) and m ∼= [Λ1,0Cn] + [Λ2,0Cn], and whih is not
of ohomogeneity two. (The brakets [·] indiate the underlying real
representation.)
Finally, for ase (iii), rst note that spin(9) is embedded in f4 with
positive simple roots 01 >==22, 10 >==00, 01 >==00, 00 >==10. The only
ag manifold of length one bering over F4 / Spin(9) is ◦◦ >==◦×. Here
k ∼= u(1)⊕ so(7), whih is 22-dimensional, whereas dimm = 30, so the
ation is not ohomogeneity two.
We now need to onsider the ase when G/K is a Hermitian sym-
metri spae. The ohomogeneity we are interested in is cohomK m,
where m is the isotropy representation for this spae. The Cartan the-
ory for symmetri spaes (see [19, Chapter VIII℄, for example) shows
that a transversal for the ation of K on m is given by a hamber
in a maximal Abelian subspae of m. It follows that cohomK m is
just the rank of the symmetri spae G/K. The table in Besse [6,
pp. 312313℄ shows that the Hermitian symmetri spaes of rank two
are (modulo low-dimensional oinidenes, and up to overs) the fol-
lowing: the Grassmannians of two-planes in Cn, the hyperquadris
SO(n+2)/ SO(n)× SO(2), the symmetri spae SO(10)/U(5) and the
exeptional spae E6/ Spin(10) SO(2). This ompletes the proof.
For future referene, it is worth noting that the prinipal orbits in O
for the ve ases of Theorem 6.5 are
Sp(n+ 1)
Sp(n− 1)
,
SU(n+ 2)
S(U(n− 2)×U(1)× U(1))
,
SO(n + 2)
SO(n− 2)
,
SO(10)
S(U(2)× U(2))
and
E6
U(4)
. (6.1)
Also, from the ohomogeneity one ase T ∗CP(n) we have the prinipal
orbit
SU(n+ 1)
U(n− 1)
(6.2)
However, not all these ases will arise from the twistor spaes of oho-
mogeneity one quaternioni Kähler manifolds, as we will see in 7.
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6.2. Nilpotent Orbits. Reall that there is a partial order on the
nilpotent orbits in gC dened by O1  O2 if and only if O1 ⊃ O2.
Proposition 6.6 (Monotoniity for Nilpotent Orbits). If O1 and O2
are nilpotent orbits with O1  O2, then
cohomO1 > cohomO2.
Proof. Fix an element X in O2. For any sl(2,C)-triple 〈X, Y,H〉, set
SX,Y = X + z(Y ),
where z(Y ) denotes the entraliser of Y . Slodowy [35℄ showed that
SX,Y is a transverse slie to O2 at X . We need to study the intersetion
of G-orbits with suh a slie. For this we make a good hoie of Y .
Let B = stabGX be the real stabiliser of X and let c be the en-
traliser in gC of b, the Lie algebra of B. Then c is σ-invariant and
hene redutive. Moreover, c ontains X , so there is a Y ∈ c suh that
〈X, Y, [X, Y ]〉 is an sl(2,C)-triple. As Y lies in c, we have that Y , z(Y )
and SX,Y are all B-invariant.
Fix this hoie of Y and let H = [X, Y ]. In c, 〈X, Y,H〉 is onjugate
to a real sl(2,C)-triple, so there exists g ∈ exp c suh that (Ad g)Y =
−σ((Ad g)X). Thus for σg = (Ad g)−1σ(Ad g), we have Y = −σgX
and σgb = b. Dene Gg to be the onneted subgroup of GC with Lie
algebra gg = gC ∩ σggC. Then Gg is isomorphi to G and ontains B.
Choose a σg-invariant sl(2,C)-triple 〈X1, Y1, H1〉 with X1 ∈ O1 and
Y1 = −σ
gX1. LetM be the spae of maps (X(t), H(t)) : R→ gC× igg
suh that
(a) X˙ = −2X + [X,H ], H˙ = −2H + 2[X, σgX ],
(b) X(t)→ X and H(t)→ H as t→ +∞, and
() X(t) → X−∞ and H(t) → H−∞ as t → −∞, with (X−∞, H−∞)
Gg-onjugate to (X1, H1).
Kronheimer [27℄ showed that M is a manifold naturally isomorphi
to SX,Y ∩ O1. This isomorphism is stabGg X equivariant; but B ⊂
stabGg X , so we have M∼= SX,Y ∩O1 B-equivariantly.
The manifold M admits an ation of R given by (X(t), H(t)) 7→
(X(t−c), H(t−c)). This R-ation is non-trivial and ommutes with the
ation of Gg on the values. In partiular,M/B has positive dimension.
Let v be a B-invariant omplement to T ((AdG)X) in TXO2. Then
the orbit (AdG)X has a G-invariant neighbourhood
U ∼= G×B (v+ z(Y ))
in gC suh that the map U ∩ O1 → G ×B v is an equivariant surje-
tion onto a G-invariant neighbourhood of (AdG)X in O2 and ontains
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SX,Y ∩ O1 in the bre over 0 ∈ v. Thus for generi X in O2, we have
cohomGO1 = (cohomB SX,Y ∩O1) + cohomGO2
> cohomGO2,
as required.
Eah simple Lie group G has a unique non-trivial nilpotent orbit of
smallest dimension. We all this the minimal nilpotent orbitO
min
. The
orbit O
min
has the property that O
min
 O for all non-trivial nilpotent
orbits O. In [18℄, it was shown that O
min
is the unique nilpotent orbit
of ohomogeneity one.
As explained in 5, eah nilpotent orbit O bres over a quater-
nioni Kähler manifold M(O) = O/H∗. In the ase of O
min
, the
spae M(O
min
) is G-homogeneous and is the Wolf spae with isom-
etry group G. (The details of the bration in this ase may be found
in [36, 6℄.) Proposition 6.6 arries over to the manifolds M(O).
Proposition 6.7 (Monotoniity for M(O)). If O1 and O2 are nilpo-
tent orbits with O1  O2, then
cohomM(O1) > cohomM(O2).
Proof. Fix X ∈ O2 and hoose Y as in the proof of Proposition 6.6.
The subgroup R∗ 6 H∗ ats on X by X 7→ λ2X and an sl(2,C)-triple
ontaining λ2X is given by 〈λ2X, λ−2Y, [X, Y ]〉. Now z(λ−2Y ) = z(Y ),
so the slie at λ2X is given by Sλ2X,Y . Note that the set SX,Y ∩Sλ2X,Y
is empty for λ2 6= 1. We set
WX,Y = H∗(SX,Y ∩ O1)/H∗ = Sp(1)(SX,Y ∩ O1)/ Sp(1)
to get a slie to M(O2) ⊂M(O1) at H∗X .
The proof of Proposition 6.6 shows that SX,Y ∩ O1 is non-ompat.
As Sp(1) and the stabiliser D of H∗X are both ompat, we have for
generi X ∈ O2,
cohomGM(O1) = cohomDWX,Y + cohomGM(O2)
> cohomGM(O2),
as required.
Let us now onsider the ohomogeneity-one quaternioni Kähler
manifolds that arise from nilpotent orbits. We say that O is next to
minimal in the partial order  if O  O
min
and there are no nilpotent
orbits O′ with O  O′  O
min
. The Lie algebra gC may have more
than one nilpotent orbit satisfying this ondition, as we will see in the
proof of the following result.
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Theorem 6.8. Suppose O is a nilpotent orbit and M(O) is the asso-
iated quaternioni Kähler manifold. Then M(O) is of ohomogeneity
one if and only if O is next to minimal in the order  on nilpotent
orbits.
Proof. Proposition 6.7 implies that the only andidates are the next to
minimal nilpotent orbits. We will verify that eah of these does indeed
lead to a ohomogeneity-one struture on M(O) by onsidering eah
ase in turn.
First, we reall from [38℄ the struture ofM(O) as aG-manifold. The
nilpotent orbitO denes a onjugay lass of subalgebras sl(2,C) 6 gC.
Choose one suh subalgebra sl(2,C) and without loss of generality,
assume that this is the omplexiation of a real subalgebra su(2). Let
K be the entraliser of L = exp{su(2)} in G. We may deompose g
under the adjoint ation of L×K to get
g ∼= su(2)⊕ k⊕
⊕
k>1
[AkS
k],
where Sk is the irreduible representation of SU(2) of omplex dimen-
sion k + 1 and Ak is a K-module. Then M(O) is G-equivariantly
isomorphi to the bundle
W =
⊕
k>2
[AkS
k−2] −→ G/LK.
In partiular, when M(O) is of ohomogeneity one, there is at most
one non-zero module Ak for k > 2.
We now onsider the various possible types of G in turn. Relevant
fats about the desription of nilpotent elements and their stabilisers
have been onveniently olleted in [16, Chapter 13℄.
Suppose G is of type An. Then the nilpotent orbits are desribed by
partitions of n + 1 giving the sizes of the Jordan bloks. The minimal
nilpotent orbit is (21n−1) and there is a unique next-to-minimal nilpo-
tent orbit. When n > 2, the next-to-minimal orbit is (221n−3) and for
this ase the Lie algebra of K is su(2)−+su(n−3)+u(1). Write the Lie
algebra of L as su(2)+ to distinguish it from the su(2)-fator in k. Now
as a KL-module, Cn+1 ∼= S+S−ℓr + V ℓs, where S± ∼= C2, V ∼= Cn−3
and ℓ ∼= C. So
su(n+ 1) = End0Cn+1
∼= su(2)+ + k+ [S+S−ℓ
r−sV ∗] + [S2+S
2
−].
Thus, W = [S2−] whih is R
3
with the standard representation of SO(3).
Thus M(221n−3) is ohomogeneity one.
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For n = 2, there are only two non-trivial nilpotent orbits. The next-
to-minimal orbit is the regular orbit. We have su(3) = su(2)+ [S4] and
W = [S2], whih is ohomogeneity one.
For type Bn, the nilpotent orbits are again desribed by partitions,
this time of 2n + 1, but not all partitions arise. The minimal or-
bit is (2212n−3). There are two next-to-minimal orbits: (312n−2) and
(2412n−7). For the rst of these, k ∼= so(2n − 2). The SO(2n + 1)-
module R2n+1 splits as [S2] + V , with V = R2n−2 the standard rep-
resentation of K. Using so(2n + 1,C) ∼= Λ2C2n−2, we nd W ∼= V ,
whih is ohomogeneity one. For (2412n−7), k ∼= sp(2)+ so(2n− 7) and
R2n+1 ∼= [C4S1] +R2n−7, with Sp(2) and SO(2n− 7) ating irreduibly
on C4 and R2n−7, respetively. This gives W ∼= R5 with Sp(2)-ating
via the standard representation of SO(5), whih is again ohomogeneity
one.
The nilpotent orbits for G of type Cn are lassied by ertain parti-
tions of 2n. The minimal orbit is (212n−2). There is only one next to
minimal orbit: (2212n−4). The entraliser K has Lie algebra sp(n−2)+
u(1) and C2n ∼= (ℓ+ℓ−1)S1+C2n−4, where sp(n−2) ats irreduibly on
the last summand and ℓ is a one-dimensional representation of U(1).
We have sp(n,C) ∼= S2C2n and hene W ∼= R2 as an irreduible SO(2)-
module. This is ohomogeneity one.
For type Dn, we have G = SO(2n), the minimal orbit is (2
212n−4)
and the next to minimal orbits have partitions (312n−3) and (2412n−8).
For n odd this gives two next-to-minimal orbits, however for n even, the
last partition desribes two orbits, whih we need not distinguish, and
there are three next-to-minimal orbits. The alulations for all of these
partitions are the same as the Bn ase and give ohomogeneity-one
manifolds eah time.
For the exeptional groups there is a unique next-to-minimal orbit.
The entralisers, Lie algebra deompositions and representation W are
given in Table 1. The alulations for the groups of type E where done
using the program Lie [40℄. The sript for the ase of E8 is given in
Figure 1. This sript rst alulates the semi-simple element h assoi-
ated to the nilpotent orbit. It then determines the stabiliser s = k1
of h and nds its Cartan type. The deomposition of the adjoint repre-
sentation of E8 under k1 is alulated, using the restrition matrix rm.
This information, ombined with diret alulation of the weight spaes
for the ation of su(2), are enough to determine the where the nilpotent
element X lies. The Lie algebra of k is now the stabiliser in k1 of X
and deomposing eah k1-module under the ation of k leads to W .
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Type Orbit k W cohom(O)
An
n = 2 (3) {0} [S2] ∼= R3 4
n > 3 (221n−3) su(2)− + su(n− 3) [S
2
−]
∼= R3 2
+ u(1)
B(n−1)/2, Dn/2
(31n−3) so(n− 3) Rn−3 2
(241n−8) so(5) + so(n− 8) R5 2
Cn (2
212n−4) so(2) + sp(n− 2) R2 2
G2 0 >−−−−1 su(2)− [S
1
+S
1
−]
∼= R4 2
F4 00 >==01 so(6) R6 2
E6 10
0
001 so(2) + so(7) R7 2
E7 010
0
000 su(2) + so(9) R9 2
E8 0000
0
001 so(13) R13 2
Table 1. Next-to-minimal orbits, speied by parti-
tions for lassial groups and Dynkin diagrams for exep-
tional Lie groups. In eah ase W = Rn is the standard
irreduible representation of SO(n).
setdefault E8
print(diagram)
h=i_Cartan*[1,0,0,0,0,0,0,0℄/det_Cartan;print(h)
hp=h+0;print(hp)
s=ent_roots(hp)
t=Cartan_type(s);print(t)
s=losure(s)
rm=res_mat(s)
ad=expon(adjoint,1);print(ad);print(dim(ad))
branh(ad,t,rm)
Figure 1. Lie sript for alulations for E8 in the
nilpotent ase.
Note that if we alulate the ohomogeneities of the next-to-minimal
nilpotent orbits themselves we do not quite get this uniform answer.
Having seen the above theorem one might guess that moving up the
partial order dereases the ohomogeneity of M(O) by one at eah
stage. However, a look at the diagrams in [25℄ for sp(4), so(10) or
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su(7) shows that this an not be the ase, as there an be paths of
dierent lengths in the partial order.
6.3. Mixed Orbits. If X is a general element of gC, we an write
X uniquely as X = Xs + Xn with Xs semi-simple, Xn nilpotent and
[Xs, Xn] = 0. Similarly, if O is the G
C
-orbit of X , then we write Os
and On for the orbits of Xs and Xn, respetively. We partially order
the orbits by saying O1  O2 if and only if O1 ⊃ O2.
Lemma 6.9. (a) If two mixed orbits O1 and O2 satisfy O1  O2 then
(O1)s = (O2)s and (O1)n  (O2)n.
(b) If O is a mixed orbit, then O  Os.
Proof. (a) Suppose O2 is in the losure of O1. Fix X ∈ O2 and hoose
a sequene X(i) ∈ O1 suh that X
(i) → X. Now the orbit of the
semi-simple part of X(i) is determined by the harateristi polynomial
of ad(X(i)). But that polynomial is a ontinuous funtion of X(i) and
is onstant on O1. So the harateristi polynomial of ad(X) equals
that of ad(X(i)) and hene (O1)s = (O2)s. The map πn : O1 → (O1)n
given by πn(X) = Xn = X − Xs is ontinuous and G
C
-equivariant.
So πn(O1) is ontained in πn(O1) = (O1)n. In partiular, (O2)n is
ontained in (O1)n, as required.
(b) Write X = Xs + Xn. Then Xs + λXn is in O for all non-zero
λ ∈ C. Thus Xs is in the losure of O.
Proposition 6.10 (Monotoniity for Mixed Orbits). Suppose O1 and
O2 are mixed orbits with O1  O2. Then
cohomO1 > cohomO2.
Proof. This is a slight modiation of the proof of Proposition 6.6.
Fix X ∈ O2. The semi-simple orbit (O2)s is isomorphi to T (G/K) for
someK 6 G. Suppose Xs lies in the bre of T (G/K)→ G/K over gK.
Then stabGXs is a subgroup of gKg
−1
whih is a ompat real form
of gKCg−1. Now gKCg−1 is abstratly isomorphi to KCs := stabGC Xs,
so we onlude that kCs = z(Xs) admits a real struture σs giving a
ompat real form Ks ontaining stabGXs.
Let B = stabGX = stabGXs ∩ stabGXn and let c be the entraliser
of b in kCs . Then X , Xs and Xn all lie in c and c is σ-invariant, so we an
nd Y ∈ kCs suh that 〈Xn, Y, [Xn, Y ]〉 is an sl(2,C)-triple ommuting
with b. As in the proof of Proposition 6.6 we may nd a real stru-
ture σgs on k
C
s giving a ompat form K
g
s and suh that Y = −σ
g
sXn
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and σgsb = b. A transverse slie to O2 at X is given by
SX,Y = X + z(Y ) ∩ z(Xs)
= Xs + (Xn + zkCs (Y )).
Orbits of G meet SX,Y in orbits of B and these lie in K
g
s -orbits. The
inequalities on ohomogeneities now follow as in Proposition 6.6.
Proposition 6.11. If G is a ompat simple Lie group and O ⊂ gC is
an orbit whih is neither semi-simple nor nilpotent, then
cohomO > 2.
Proof. Suppose cohomO 6 2. As O is not semi-simple, we have
O  Os and Proposition 6.10 implies cohomO > cohomOs. Hene
cohomOs is one. By [18℄, we have G = SU(n + 1) and Os is the
orbit of diag(λ, . . . , λ,−nλ). The mixed orbits with this semi-simple
part are parameterised by nilpotent orbits of sl(n,C), and have the
same partial ordering. This follows diretly from the Jordan normal
form of suh elements. Proposition 6.10 implies that it is suient to
alulate the ohomogeneity of the SL(n + 1,C)-orbit, or equivalently
GL(n+ 1,C)-orbit, of
X =


λ 1
λ 0
.
.
.
0 λ
−nλ

 .
The stabiliser of X in U(n+ 1) has Lie algebra k = u(1)+ + u(n− 2) +
u(1)−. The bre of the normal bundle to the real orbit of X at X is
(adX)(sl(n+ 1,C))/(adX)(su(n+ 1))
∼=




0 a
0 0
.
.
.
0
b1 b2 . . . bn 0

 : a ∈ R, bi ∈ C


.
As a representation of k, this bre is
R+ 2[L+L−] + [Λ1,0L−],
where Λ1,0 is the standard representation of U(n − 2) on Cn−2. This
representation of k has ohomogeneity 5.
We therefore do not need to onsider mixed orbits any further.
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6.4. Orbits of Semi-Simple Groups. If G is a ompat semi-simple
Lie group, then the Lie algebra of G splits as
g = g1 ⊕ · · · ⊕ gr
with eah gi simple. Let Gi be the simply-onneted group with Lie
algebra gi. If O is an adjoint orbit for G
C
, then we an write
O = O1 × · · · × Or,
where Oi is an adjoint orbit for G
C
i . Now
cohomGO = cohomG1 O1 + · · ·+ cohomGr Or,
so we have the following result:
Proposition 6.12. If G is a ompat semi-simple group ating almost
eetively on an adjoint orbit O with ohomogeneity at most two, then
either G is simple and the orbit O is listed in 6.1 and 6.2 or G has
two simple fators G1 and G2, O = O1×O2 and Oi is of ohomogeneity
one with respet to Gi, for i = 1, 2.
So in the semi-simple, non-simple ase, the new orbits we must study
are O1 ×O2 where eah Oi is either the semi-simple orbit T
∗CP(n) of
SL(n+ 1,C) or a minimal nilpotent orbit.
7. Quaternioni Kähler Strutures
The results of 5 and 6 give us the following lassiation result.
At this stage we are not assuming ompleteness of the metri.
Theorem 7.1. Let (M, g) be a quaternioni Kähler manifold of posi-
tive salar urvature, of ohomogeneity one with respet to a ompat
simple group G ating eetively.
Then up to overs, one of the following three alternatives holds:
(i) (M, g) is hyperHermitian, and g is one of the metris of [36℄ as
desribed in Proposition 4.4;
(ii) an open set of the twistor spae of (M, g) is an open set in a
projetivised nilpotent orbit P(O) as a omplex ontat manifold
with real struture and O is of ohomogeneity at most 5;
if the twistor spae overs the whole of P(O), then (M, g) is
loally isometri to M(O), and these ases are listed in Theo-
rem 6.8;
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(iii) we are in the non-proper ase, and the prinipal orbit of G in M
is either
(a)
SU(n+ 1)
U(n− 1)
, (b)
SU(n + 2)
U(n− 2)
,
()
SO(10)
SU(2)× SU(2)
, or (d)
E6
SU(4)
.
Proof. Part (i), is the ase of no open orbits on Z given in Proposi-
tion 4.4. Part (ii) is the ase of Z having an open GC-orbit whih is a
proper omplex ontat manifold. The statement about the real stru-
ture is due to Nitta & Takeuhi [31℄. When Z overs all of P(O), we
have that Z is homogeneous under GC and the fat thatM is isometri
to M(O) was proved in [38℄.
It only remains to deal with ase (iii). Reall from 5 that in the
non-proper ase, we have a map Pf : U1 → P(O) with bre a non-
ompat omplex Lie group of omplex dimension one. We derived the
inequalities
3 > cohomG(U1) > cohomG(P(O)) + 1 = cohomG(O) + 1. (7.1)
By Proposition 6.11, the orbitO is semi-simple, and hene the prinipal
orbit types on O are given by (6.1) and (6.2).
Consider the prinipal orbit types Sp(n+ 1)/ Sp(n− 1) and SO(n+
2)/ SO(n − 2), with n 6= 4 in the seond ase. In these ases, the sta-
biliser ats trivially on the bre of Pf , whih has omplex dimension
one. So the seond inequality in (7.1) is strit, and we get a ontra-
dition. Thus we are left with the ases listed in the Theorem (up to
overs, the orthogonal ase with n = 4 gives the same prinipal orbit
type in M as ase (b) with n = 2).
Remark 7.2. We do not know whether all the ases in the above The-
orem an be realised. For ase (iii), we will see below that there is
a ompat example with speial orbit as in (iii)(a). We do not know
whether (iii)(bd) our in non-ompat examples. In ase (ii), it is
oneivable that open sets of the projetivised nilpotent orbits admit
families of twistor lines not orresponding to the strutures M(O).
This is known to happen in so(4,C) (see [38℄), but urrently we have
no examples with gC simple.
Let us now onsider the ase when M is ompat. For the nilpotent
ase we will need an interpretation of a result of Beauville whih is of
independent interest. Note this result does not assume that M is of
ohomogeneity one.
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Theorem 7.3. Suppose M is a ompat quaternioni Kähler manifold
with an ation of a ompat onneted Lie group G preserving this
struture. If GC has an open orbit on Z ontaining a twistor line then
M is isometri to a Wolf spae and either G is the isometry group of
M or G is given by one of the shared-orbit pairs of Brylinski & Kostant
[13, 14℄.
Proof. The hypotheses on the ation mean thatM is quaternioni Käh-
ler with positive salar urvature, so the twistor spae Z is projetive
with c1(Z) > 0, and G
C
ats on Z algebraially. The assumption that
there is an open GC-orbit ontaining a twistor line implies that the
image of Pf is the projetivisation of a nilpotent orbit, i.e., we are in
the proper ase of 5. In partiular, Pf has injetive dierential on an
open set of Z. By [30, III.5 Corollary 2, p. 252℄ the algebrai map Pf
is étale and hene nite.
Exatly the same remarks apply to the omponent of the identity G1
of the full isometry group of M and the assoiated map Pf1 : Z 99K
P(gC1 ). Beauville's results [5℄ apply to this G
C
1 -ation on Z, giving that
Z is the projetivised minimal nilpotent orbit P(O1) for GC1 and that
M is the Wolf spae with isometry group G1.
If G = G1 we are nished. Otherwise Pf indues a nite morphism
φ : O1 99K O whih is G
C
-equivariant. This is the ondition that O be a
shared orbit and Beauville shows that only the pairs listed in [13, 14℄
arise.
Theorem 7.4. Let (M, g) be a ompat quaternioni Kähler manifold,
of ohomogeneity one with respet to a ompat simple group G.
Then (M, g) is a quaternioni Kähler symmetri spae and the pair
(M,G) is given in Table 2.
M G M G
HP(n) Sp(n) G˜r4(R7) G2
HP(n) SU(n + 1) G2 / SO(4) SU(3)
Gr2(Cn) SU(n− 1) F4 / Sp(3) Sp(1) Spin(9)
Gr2(C2n) Sp(n) E6 / SU(6) Sp(1) F4
G˜r4(Rn) SO(n− 1)
Table 2. Compat quaternioni Kähler manifolds M
whih are ohomogeneity one under an ation of a simple
group G.
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Proof. We onsider the three ases of Theorem 7.1. Case (i), when
there is no open GC-orbit in Z, was dealt with in Theorem 4.6 and
gives the rst entry in the table.
If there is an open GC-orbit U1, then we have U1 = Z \D for some
subvariety D of Z. We are either in the proper ase (ii) or the non-
proper ase (iii).
In (ii), we an apply the proof of Theorem 7.3. This together with
Theorem 7.1 implies that in order to get quaternioni Kähler manifolds
of ohomogeneity one, we need to onsider shared orbit pairs (O,O1) ⊂
(gC, gC1 ) with O1 a minimal orbit and O next-to-minimal. Looking at
the list of shared orbits in [13℄ we see that all but two ases give next-
to-minimal orbits; the exeptions being the four-to-one overing of an
orbit in so(8,C) by the minimal orbit in fC4 and the six-to-one overing
of the subregular orbit in gC2 by the minimal orbit of so(8,C). This
gives the last six ases in the table.
It remains to disuss ase (iii) and aount for the seond and third
entries of the table, whih we do using an argument of Poon & Sala-
mon [33℄. As mentioned above, the twistor spae Z is projetive al-
gebrai, with a linear ation of GC. Applying the Borel xed point
theorem to the ation of a maximal torus T of G, we see that T has a
xed point on Z, and hene on M . Therefore the rank of the stabiliser
of some point of M equals the rank of G.
As in the proof of Theorem 4.6, we see that M/G is a ompat in-
terval, that there are two speial orbits G/H1 and G/H2, and, writing
G/K for the prinipal orbit, that Hi/K is a sphere for i = 1, 2. Exam-
ining the ranks of isotropy groups we see that ases (iii)(b), () and (d)
annot arise.
The remaining ase is whenG = SU(n+1) and the prinipal stabiliser
has Lie algebra u(n− 1). As the lassiation of ompat quaternioni
Kähler manifolds is known in dimensions four [20℄ and eight [33℄, we
take n > 2.
Let us rst assume that the prinipal stabiliser K is onneted. The
long exat homotopy sequene for the bration K → G → G/K, and
the Hurewiz theorem, show that the seond Betti number of G/K is 1.
If G/H is a speial orbit then H/K is a sphere Sr with r > 0, sine
M is simply-onneted. Hene H is onneted, and the homotopy
sequene for H → G → G/H shows that b2(G/H) is the rank of
π2(G/H) ∼= π1(H). The latter may be omputed by onsidering the
26 ANDREW DANCER AND ANDREW SWANN
bration K → H → Sr and we get that
b2(G/H) =


2, if r = 1,
0, if r = 2,
1, if r > 2.
Following [3℄, we onsider the Mayer-Vietoris sequene for an open
over of M onsisting of the omplements of eah speial orbit. We
obtain
H2(M)→ H2
(
G
H1
)
⊕H2
(
G
H2
)
→ H2
(
G
K
)
→ H3(M) = 0
in real ohomology. If M is not the omplex Grassmannian then,
by [28℄, b2(M) = 0 and so one of the speial orbits has r = 2 and
the other has r > 2.
Now, the omplex oadjoint orbit T ∗CP(n) has a speial SU(n+1)-
orbit of real dimension 2n, so Z ontains a speial SU(n + 1)-orbit of
real dimension less than or equal to 2n + 1. It follows that one of the
speial orbits in M has real odimension at least 2n− 1.
Therefore if n > 2 andM is not the omplex Grassmannian then the
speial orbits in M must be SU(n+ 1)/U(n) and SU(n+ 1)/ SU(2)×
SU(n− 1) and M is HP(n) [3℄.
IfK is disonneted we an argue as follows. The homotopy sequene
for K → H → Sr shows that either r = 1 or H is disonneted. But
if one speial orbit G/H1 has r > 1 then the odimension of that orbit
is stritly greater than 2 and so the other speial orbit G/H2, like M ,
must be simply-onneted. In partiular, G/H2 would have onneted
stabiliser and r = 1. The arguments of the preeding paragraphs now
show that b2(G/H2) = 2 and b2(G/K) 6 1, so the Mayer-Vietoris
argument again fores M to be the omplex Grassmannian.
The remaining possibility, that r = 1 for both speial orbits, is ruled
out for n > 1 beause we know one of the speial orbits in M has
odimension at least 2n− 1.
Remark 7.5. If n = 1 then disonneted stabilisers an arise. We an
view S4 as an SO(3)-manifold with both speial orbits being RP(2).
Also CP(2) admits an SO(3)-ation with one orbit an S2 and the other
an RP(2).
Let us now disuss the ase when G is semi-simple andM is ompat.
Theorem 7.6. Suppose M is a ompat quaternioni Kähler manifold
of ohomogeneity one with respet to a ompat group G. If G is semi-
simple but not simple, thenM = HP(N) and g = sp(N−m)⊕sp(m+1)
for some 0 6 m < N .
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Proof. The ase when there is no open GC-orbit on Z is overed by the
results of 4 and yields no examples with G not simple.
In the proper ase, we may apply Theorem 7.3. The only shared orbit
pair for a non-simple group ours when G = Sp(n1) × · · · × Sp(nr)
and O is the produt of the minimal orbits in sp(n1,C), . . . , sp(nr,C).
This is overed by the minimal orbit in sp(n1 + · · ·+ nr,C) and M is
the quaternioni projetive spae HP(n1 + · · · + nr − 1). This is of
ohomogeneity one only when G has exatly two fators, i.e., r = 2.
In the non-proper ase, the new orbits we must onsider are, from 5,
of the form O1 × O2 where eah of Oi is either the SL(n + 1,C)-orbit
T ∗CP(n) or a minimal nilpotent orbit. The prinipal orbit of SU(n +
1) in the former orbit is SU(n + 1)/U(n − 1), while for the minimal
nilpotent orbits forHC the prinipalH-orbit isH/K, whereH/K Sp(1)
is the assoiated Wolf spae.
In all these ases it follows that the rank of G is at least two greater
than the rank of the prinipal stabiliser for the G-ation on the orbit.
Also, the orbits are ohomogeneity two with respet to G. Hene the
rank of G is at least three greater than that of the prinipal stabiliser
for the G-ation on Z or M . So the Borel xed point argument shows
that we do not obtain any ompat examples with G not simple.
Remark 7.7. Attempting to prove the above theorem for general re-
dutive G requires stronger results than we were able to obtain in 4.
8. HyperKähler Strutures
The results obtained in 6 an be used to make results of Bielawski [7℄
a little more preise. In [18℄ we were able to lassify hyperKähler
metris of ohomogeneity one. We now wish to extend this to metris
of ohomogeneity two.
Suppose M is a hyperKähler manifold with Riemannian metri g
and omplex strutures I, J and K satisfying IJ = K = −KI. Then
aI + bJ + cK is also a omplex struture on M whenever (a, b, c) ∈
S2 ⊂ R3. Let S denote the set of these omplex strutures. Suppose
that a ompat semi-simple Lie group G ats on M preserving both
the metri and the individual omplex strutures and that the ation
is of ohomogeneity two. Fix a point x of M lying on some prinipal
orbit. Then at x the tangent vetors generated by the G-ation span a
real subspae D of TxM of odimension 2.
We laim that there are at most two points J , −J in S whih
preserve D. Suppose A,B ∈ S are linearly independent and preserve D.
Then λA+µB also preserves D for any λ, µ ∈ R, so we may assume A
and B are orthogonal. But now AB = −BA and this preserves D, so
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D is an H-module, ontraditing the fat that D has real odimension 2
in the H-module TxM .
Thus, without loss of generality, we may assume that I does not
preserve D. Innitesimally, we may omplexify the ation of G with
respet to I. Then the tangent vetors to this ation span TxM and
they also span the tangent spae of M in a G-invariant neighbourhood
of x. The assumption that G be semi-simple implies that we have a
hyperKähler moment map
µ = µIi+ µJj + µKk : M → g⊗ ImH,
where we have identied g∗ with g via the Killing form. The map
µc := µJ + iµK is a moment map for the omplex-sympleti ation
of GC. In a neighbourhood of x, the map µc is a loal dieomorphism
to an open subset of an adjoint orbit O ⊂ gC. Moreover, µc is G-
equivariant, so the orbit O is of ohomogeneity two and is given by
Proposition 6.12. Note that eah of these orbits atually arises, sine
Kronheimer, Biquard and Kovalev have shown that every adjoint orbit
arries a G-invariant hyperKähler metri ompatible with the Kirillov-
Kostant-Souriau omplex-sympleti form [27, 26, 8, 24℄.
If we assume that M is omplete and that for some hoie of I the
GC-ation is loally transitive, then Bielawski [7℄ shows that O is a
semi-simple orbit and that for one of the hyperKähler metris on O
onstruted by Kronheimer [26℄, µc : M → O is an isometry.
Noting that the above disussion also applies to G with entral fa-
tors providing we assume the existene of a hyperKähler moment map,
we have the following result.
Theorem 8.1. Suppose M is a omplete hyperKähler manifold whih
is of ohomogeneity two with respet to an isometri ation of a ompat
group G preserving eah omplex struture. If G is semi-simple or,
more generally, if there is a hyperKähler moment map for the ation
of G on M , and if for some I the GC-ation is loally transitive, then
M is isometri to one of :
(1) T ∗CP(2n− 1), with G = Sp(n);
(2) T ∗Gr2(Cn), with G = SU(n);
(3) T ∗ G˜r2(Rn), with G = SO(n);
(4) T ∗
(
SO(10)/U(5)
)
;
(5) T ∗
(
E6 / Spin(10) SO(2)
)
;
(6) T ∗CP(n)× T ∗CP(m), with G = SU(n+ 1)× SU(m+ 1).
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9. Three-Sasakian Strutures
Let S be a ompat 3-Sasakian manifold with Riemannian metri g.
We refer the reader to [11℄ for a preise denition, but for our pur-
poses the following harateristi property will be suient: the man-
ifold NS := S × R>0 with the metri dr2 + r2g is hyperKähler with
an ation of Sp(1), trivial on the R>0-fator and satisfying (i)(iv) of
Proposition 4.2. This gives examples of 3-Sasakian manifolds by taking
NS = U(M) with M a quaternioni Kähler manifold of positive salar
urvature. In general, S/ Sp(1) is only a quaternioni Kähler orbifold
even though S is smooth.
The group of 3-Sasakian symmetries of S is exatly the group of
triholomorphi isometries of NS and is neessarily ompat. Suppose
G is a ompat group of symmetries of S. Then there is a unique
hyperKähler moment map µ : NS → g
∗⊗ ImH for this ation with the
property that
µ(s, r) = r2µ(s, 1), (9.1)
for s ∈ S, r ∈ R>0 [11℄. Reall that µ is G-equivariant.
Suppose S is of ohomogeneity one under the ation of G. Then the
hyperKähler manifold NS is of ohomogeneity two and we may apply
some of the results of the previous setion.
Let PS and PN denote the union of prinipal orbits of S and NS
respetively. Note that as S is ompat and Einstein with positive
salar urvature, the fundamental group π1(S) is nite and so PS an
not be all of S.
Lemma 9.1. The hyperKähler manifold NS has a ompatible omplex
struture I suh that TxNS = T (G · x) + IT (G · x) for all x ∈ PN .
Proof. In 8 we showed that at eah x ∈ PN the set
Ax = {J ∈ S : TxNS 6= T (G · x) + J T (G · x) }
is either empty or a point of RP(2) = S/{±1}. However, A(s,r) = A(s,1)
for r ∈ R>0 and A(g·s,r) = A(s,r) for g ∈ G, so we have a map from a
subset of PS/G = PN/(G×R>0)→ RP(2). This map is a smooth map
of a one-dimensional manifold, so its image is one-dimensional and the
set S \ ∪x∈PNAx of I satisfying our requirements is non-empty.
Fix suh a hoie of I and let J,K ∈ S be suh that IJ = K = −JI.
Let µI be the omponent of the hyperKähler moment map µ orre-
sponding to I, et. The group C∗ ats on NS as the omplexiation
with respet to I of the R>0-ation. The quotient Z = NS/C∗ is the
twistor spae of S and is a ompat, normal, Q-fatorial Fano vari-
ety [10℄ and, in partiular, is projetive. The hyperKähler manifold NS
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is the omplement of the zero setion of an algebrai line bundle on Z.
We now have that GC ats on both Z and NS.
As PN is onneted, Lemma 9.1 implies that there is an open G
C
-
orbit U ontaining PN . The saling property (9.1) implies that µc =
µJ+iµK maps U to a nilpotent orbit O. Note that µc is C∗-equivariant.
The usual rank argument for the moment maps shows that the bres
of µc on U are of dimension zero. In partiular, U and O have the same
dimension. Any other GC-orbit on NS lies in the omplement of PN , so
has smaller dimension than O, and hene an not lie in µ−1c (O). Thus
U = µ−1c (O).
Lemma 9.2. The map µc is an algebrai morphism, nite over O.
The symmetry group G is semi-simple with at most two simple fators.
If G is simple then O is next-to-minimal and g 6= su(3). If G is not
simple then O is the produt of a minimal orbit in eah simple fator
of gC.
Proof. The denition of µc and the algebrai nature of NS imply that
µc is an algebrai map and so, by the above disussion, is nite-to-
one on µ−1c (O). Thus only the semi-simple part of the omponent of
the identity of G ats eetively. As O has ohomogeneity two with
respet to G, the list of possible nilpotent orbits O follows from the
results of 6.
Let G1 be the omponent of the identity of the full 3-Sasakian sym-
metry group of S. Then G1 satises the same hypotheses as G, but
might at homogeneously on S. Let ν : NS → g
∗
1⊗ImH be the moment
map for the ation of G1.
Lemma 9.3. The map νc is a nite map without zeroes. The image
of νc is O1 \ {0}, where O1 is a nilpotent orbit in g
C
1 whih is either
minimal or listed in Lemma 9.2.
Proof. If G1 ats transitively on S then there is nothing to prove as G
C
1
has only one orbit on NS. So we suppose that G1 ats with ohomo-
geneity one on S.
Let Q = NS \ ν
−1
c (O1). Then Q is omplex, as it is the pre-image of
the subvariety O1 \O1 of O1. As ν
−1
c (O1) ontains the set of prinipal
G1-orbits and νc has the saling property (9.1), the set Q is a union
of omponents of (G1/H1
∐
G1/H2) × R>0, where G1/Hi are the two
speial orbits in S. As G1 ommutes with the ation of Sp(1), we
onlude that the deomposition
NS = ν
−1
c (O1) ∪Q (9.2)
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is invariant under the ation of Sp(1)×R>0. In partiular, the deom-
position (9.2) is determined by the ation of the real group G1 and not
by the partiular hoie of omplex struture I. So Q is omplex for
I, J and K and the real dimension of Q is divisible by four. Note that
G1 ats on Q with ohomogeneity one, so eah omponent of Q is a
single GC1 -orbit.
The saling property (9.1) implies that νc indues a map
Pν : Z 99K P(gC1 ).
The set where Pν fails to be dened lies in PQ and so has omplex
odimension 2 in Z. The hypotheses of [5, Lemma 3.3℄ now apply
to Pν. We onlude that Pν is everywhere dened and that both Pν
and νc are nite. This implies, using the saling property, that νc has
no zeroes. The image of Pν is the losure of PO1 and so the image of νc
is O1 \ {0}. The orbit O1 has ohomogeneity at most two with respet
to G1 and so is either minimal or next-to-minimal.
Theorem 9.4. Suppose S is a ompat 3-Sasakian manifold whih is
of ohomogeneity one under a ompat onneted Lie group G preserv-
ing the 3-Sasakian struture. Then S is homogeneous under its full
3-Sasakian symmetry group and the possible pairs (S,G) are given in
Table 3.
S G
S4n+3 Sp(r)× Sp(n + 1− r)
RP(4n+ 3) Sp(r)× Sp(n + 1− r)
SO(n+ 1)/ SO(n− 3) Sp(1) SO(n)
SU(2n)/ S(U(2n− 2)U(1)) Sp(n)
SO(7)/ SO(4) Sp(1) G2
F4 / Sp(3) Spin(9)
E6 / SU(6) F4
Table 3. Compat three-Sasakian manifolds S of oho-
mogeneity one under a onneted ompat Lie group G
of 3-Sasakian symmetries.
Proof. Let O1 be as above. Following Beauville, we will show that O1
is a minimal nilpotent orbit and that (O,O1) is a shared-orbit pair.
The spae NS is a smooth nite branhed G
C
1 -equivariant over of
O1
×
:= O1 \ {0}, suh that S = NS/R>0 is smooth, ompat and
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ohomogeneity at most one under G1. We determine all suh overs
for the orbits O1 of Lemma 9.3. A priori this is more general than PO1
having a smooth equivariant over; however, muh of Beauville's paper
applies at the level of orbits.
Firstly, if νc : NS → O1
×
is birational then the proof of Corollary 5.3
in [5℄ shows that O1 is either the next-to-minimal orbit in g
C
2 or it is a
minimal nilpotent orbit.
Now suppose that νc : NS → O1
×
has non-trivial degree δ. Note that
δ divides |π1(O1)|.
Consider the ase when G1 is simple. Lemma 9.3 implies that O1
is either the minimal orbit in sp(n,C) or a next-to-minimal orbit in a
simple Lie algebra other than sl(3,C) (sine sp(n,C) is the only simple
Lie algebra whose minimal orbit is not simply onneted). Using the
tables in [17℄ to nd |π1(O1)|, we see that O1 is either (i) O(31n−3)
in so(n,C), or (ii) O(241) in so(9,C), or the unique next-to-minimal
orbit in (iii) sp(n,C) or (iv) fC4 . In eah of these ases π1(O1) = Z/2
and thus δ = 2. The manifold NS is now uniquely determined by O1 as
the omplement of the vertex in the normalisation of O1 in the funtion
eld of the universal over of O1 (f. [14℄). In the four ases to hand,
this spae is the minimal nilpotent orbit Ô ⊂ ĝC where ĝC is either
(i) so(n+ 1,C), (ii) fC4 , (iii) su(2n,C) or (iv) e
C
6 .
If G1 is not simple, then O1 = Oa×Ob with Oj the minimal orbit in
the simple Lie algebra gCj , for j = a, b. Dividing by the ation of R>0,
we get a nite surjetive G1-equivariant map
Rν : S → S1 :=
(
(Oa ×Ob) \ {(0, 0)}
)
/R>0
indued by νc. The speial orbits of S1 have stritly smaller dimension
than the prinipal orbits. As Rν is a nite map, we dedue that Rν
maps prinipal orbits to prinipal orbits and that Rν is a bijetion of
the G1-orbit spaes. Now S is smooth with prinipal orbits G1/H and
speial orbits G1/Hi, so Hi/H are spheres, i = 1, 2. In S1, we have
prinipal orbits Ga/Ka×Gb/Kb and speial orbits Ga/Ka and Gb/Kb.
Thus one of the spheres Hi/H nitely overs (Ga ×Kb)/(Ka ×Kb) =
Ga/Ka = Oa/R>0 in S1. The other sphere overs Ob/R>0. So Oj/R>0,
j = a, b, is a nite quotient of a sphere, whih is only the ase for
gCj = sp(nj ,C). As in [5, Proposition 6.8℄ we now get that NS is the
double over of the minimal orbit of sp(na + nb,C).
In summary, the above three ases show that NS is the over of a
minimal nilpotent orbit Ô ⊂ ĝC with ĝC simple: more preisely, either
NS = Ô or NS is the double over of the minimal nilpotent orbit
in sp(n,C). But now Z is PÔ as a omplex ontat manifold with real
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struture and so the 3-Sasakian symmetry group of S is a ompat real
form Ĝ of ĝC. But Ĝ ats transitively on Ô/R>0. So S is homogeneous,
G1 = Ĝ and O1 = Ô. The pair (O,O1) is now a shared orbit pair,
with O1 a minimal nilpotent orbit and O as in Lemma 9.2. Table 3
now follows from the list in [13℄.
Remark 9.5. On a ompat 3-Sasakian manifold S it is also natural to
onsider the full group of isometries Isom(S). By results of Tanno [39℄
(see [11℄), if S is not of onstant urvature, the Lie algebra i of the isom-
etry group is the diret sum of the Lie algebra s of the group Sym(S)
of 3-Sasakian symmetries and sp(1). The Sp(1)-orbits are the bres of
the anonial bration of S over a quaternioni Kähler orbifold M . In
partiular, the quotients of S by Isom(S) and of M by Sym(S) agree
and we have
cohomIsom(S) S = cohomSym(S)M.
Working on unions of prinipal orbits we may apply some of our re-
sults when S has a semi-simple group of isometries ating with ohomo-
geneity one. In this ase, there is a semi-simple subgroup G of Sym(S)
suh that G × Sp(1) ats with ohomogeneity at most one on S and
hene cohomGM 6 1. When G
C
has no open orbit on the twistor
spae, the tehniques of 4 imply that there are no examples with
non-onstant urvature. If GC has an open orbit on Z then in the
non-proper ase we may apply the Borel xed point arguments as in 7
and dedue that SU(n) × SU(2) ats with ohomogeneity one on S.
Non-homogeneous examples our in this ase as 3-Sasakian quotients
of a sphere via a U(1) ation embedded in Sp(n + 1) with weights
(1, . . . , 1, k) as desribed in [11℄. We do not know whether these are
the only suh examples. The proper ase is the hardest to analyse. We
are unable to apply Beauville's tehniques beause there is no bound
on the seond Betti number of a 3-Sasakian manifold and we have not
been able to nd other arguments to show that the omplement of the
open GC-orbit has odimension at least 2.
Referenes
[1℄ D. V. Alekseevsky, Compat quaternion spaes, Funktsional. Anal. i Prilozhen.
2 (1968), no. 2, 1120, English translation: Funtional Anal. Appl. 2 (1968),
106114.
[2℄ , Quaternion Riemannian spaes with transitive redutive or solvable
group of motions, Funktsional. Anal. i Prilozhen. 4 (1970), no. 4, 6869, English
translation: Funtional Anal. Appl. 4 (1970), 321322.
[3℄ D. V. Alekseevsky and F. Podestà, Compat ohomogeneity one Riemannian
manifolds of positive Euler harateristi and quaternioni Kähler manifolds,
34 ANDREW DANCER AND ANDREW SWANN
Geometry, Topology, Physis. Proeedings of the First USA-Brazil Workshop,
Campinas, Brazil, June 30-July 7, 1996 (B. N. Aspanasov, S. B. Bradlow,W. A.
Rodrigues, and K. K. Uhlenbek, eds.), de Gruyter, Berlin, 1997, pp. 133.
[4℄ R. J. Baston and M. G. Eastwood, The Penrose transform. Its interation with
representation theory, Oxford Mathematial Monographs, Clarendon Press,
Oxford, 1989.
[5℄ A. Beauville, Fano ontat manifolds and nilpotent orbits, preprint alg-
geom/9707015, July 1997.
[6℄ A. L. Besse, Einstein manifolds, Ergebnisse der Mathematik und ihrer Gren-
zgebiete, 3. Folge, vol. 10, Springer, Berlin, Heidelberg and New York, 1987.
[7℄ R. Bielawski, Invariant hyperKähler metris with a homogeneous omplex
struture, Math. Pro. Cam. Phil. So. 122 (1997), 473482.
[8℄ O. Biquard, Sur les équations de Nahm et la struture de Poisson des algèbres
de Lie semi-simples omplexes, Math. Ann. 304 (1996), 253276.
[9℄ M. Blak, Harmoni maps into homogeneous spaes, Pitman Researh Notes
in Mathematis Series, vol. 255, Longman, Harlow, 1991.
[10℄ C. P. Boyer and K. Galiki, The twistor spae of a 3-Sasakian manifold, Inter-
national J. Math. 8 (1997), 3160.
[11℄ C. P. Boyer, K. Galiki, and B. M. Mann, The geometry and topology of 3-
Sasakian manifolds, J. reine angew. Math. 455 (1994), 183220.
[12℄ G. E. Bredon, Introdution to ompat transformation groups, Pure and Ap-
plied Mathematis, vol. 46, Aademi Press, New York, 1972.
[13℄ R. Brylinski and B. Kostant, Nilpotent orbits, normality and Hamiltonian
group ations, Bull. Amer. Math. So. 26 (1992), 269275.
[14℄ , Nilpotent orbits, normality and Hamiltonian group ations, J. Amer.
Math. So. 7 (1994), 269298.
[15℄ F. E. Burstall and J. H. Rawnsley, Twistor theory for Riemannian symmetri
spaes, with appliations to harmoni maps of Riemann surfaes, Leture Notes
in Mathematis, vol. 1424, Springer-Verlag, 1990.
[16℄ R. W. Carter, Finite groups of Lie type: onjugay lasses and omplex har-
aters, John Wiley & Sons, 1985.
[17℄ D. H. Collingwood and W. M. MGovern, Nilpotent orbits in semisimple Lie
algebras, Van Nostrand Reinhold, New York, 1993.
[18℄ A. S. Daner and A. F. Swann, HyperKähler metris of ohomogeneity one,
J. Geom. and Phys. 21 (1997), 218230.
[19℄ S. Helgason, Dierential geometry, Lie groups, and symmetri spaes, seond
ed., Pure and Applied Mathematis, Aademi Press, New York, 1978.
[20℄ N. J. Hithin, Kählerian twistor spaes, Pro. London Math. So. 43 (1981),
133150.
[21℄ , Twistor spaes, Einstein metris and isomonodromi deformations,
J. Dierential Geom. 42 (1995), 30112.
[22℄ A. A. Kirillov, Elements of the theory of representations, Springer-Verlag, 1972.
[23℄ A. Kollross, A lassiation of hyperpolar and ohomogeneity one ations,
Ph.D. thesis, Augsburg, 1998.
[24℄ A. G. Kovalev, Nahm's equations and omplex adjoint orbits, Quart. J. Math.
Oxford 47 (1996), 4158.
[25℄ H. P. Kraft and C. Proesi, On the geometry of onjugay lasses in lassial
groups, Comment. Math. Helv. 57 (1982), 539602.
QUATERNIONIC KÄHLER MANIFOLDS OF COHOMOGENEITY ONE 35
[26℄ P. B. Kronheimer, A hyper-Kählerian struture on oadjoint orbits of a
semisimple omplex group, J. London Math. So. (2) 42 (1990), 193208.
[27℄ , Instantons and the geometry of the nilpotent variety, J. Dierential
Geom. 32 (1990), 473490.
[28℄ C. R. LeBrun and S. Salamon, Strong rigidity of positive quaternion-Kähler
manifolds, Invent. Math. 118 (1994), 109132.
[29℄ A. Lihnerowiz, Variétés de Jaobi et espaes homogènes de ontates om-
plexes, J. Math. Pures Appl. 67 (1988), 131173.
[30℄ D. Mumford, The red book of varieties and shemes, Leture Notes in Mathe-
matis, vol. 1358, Springer-Verlag, Berlin, 1988.
[31℄ T. Nitta and M. Takeuhi, Contat strutures on twistor spaes, J. Math. So.
Japan 39 (1987), 139162.
[32℄ H. Pedersen, Y. S. Poon, and A. F. Swann, Hyperomplex strutures assoiated
to quaternioni manifolds, Dierential Geom. Appl. (to appear).
[33℄ Y. S. Poon and S. M. Salamon, Quaternioni Kähler 8-manifolds with positive
salar urvature, J. Dierential Geom. 33 (1991), 363378.
[34℄ S. M. Salamon, Quaternioni Kähler manifolds, Invent. Math. 67 (1982), 143
171.
[35℄ P. Slodowy, Simple singularities and simple algebrai groups, Leture Notes in
Mathematis, vol. 815, Springer-Verlag, Berlin, 1980.
[36℄ A. F. Swann, HyperKähler and quaternioni Kähler geometry, Math. Ann. 289
(1991), 421450.
[37℄ , Quaternioni Kähler metris and nilpotent orbits, Proeedings of the
Meeting on Quaternioni Strutures in Mathematis and Physis, Trieste,
1994 (G. Gentili, S. Marhiafava, and M. Ponteorvo, eds.), SISSA, Trieste,
ILAS/FM-6, 1996, http://www.emis.de/proeedings/QSMP94/index.html,
pp. 291298.
[38℄ , Homogeneous twistor spaes and nilpotent orbits, preprint 97/17, De-
partment of Mathematial Sienes, University of Bath, Bath, 1997, Revised
Version: July, 1998.
[39℄ S. Tanno, On the isometry groups of sasakian manifolds, J. Math. So. Japan
22 (1970), 579590.
[40℄ M. A. A. van Leeuwen, A. M. Cohen, and B. Lisser, Lie: a pakage for Lie
group omputations, Computer Algebra Nederland, Amsterdam, 1992, Ver-
sion 2.
(Daner) Department of Mathematis and Statistis, MMaster Uni-
versity, Hamilton, Ontario L8S 4K1, Canada
E-mail address : daneriarus.math.mmaster.a
(Swann) Department of Mathematial Sienes, University of Bath,
Claverton Down, Bath BA2 7AY, England
E-mail address : A.F.Swannmaths.bath.a.uk
